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I. Introduction

T HE hydrodynamic stability of detonations is a relatively new
area of study in fluid mechanics. It was founded by J. J.

Erpenbeck in 1962 [1]. Erpenbeck formulated the stability problem
as an initial-value problem for the linearized reactive Euler equations
with conservation conditions at the shock front. A formal solution of
the initial-value problem was found with the help of the Laplace
transform with respect to time. It was shown that the solution may
have poles in the right-hand side of the Laplace variable plane, which
means instability of the flow. A dispersion relation for the poles was
formulated explicitly in terms of integrals and functions that are to be
found as solutions of ordinary differential equations. Instead of
directly solving the dispersion relation numerically, Erpenbeck used
the principle of the argument to establish the existence of the poles in
the case of idealized one-reaction detonations [2]. (More references
relevant to the early stages of the stability theory of detonations are
given by Fickett and Davis [3].)

Systematic studies of the discrete spectrum in a variety of
detonation stability problems using the normal-mode approach were
started by Lee and Stewart [4]. The normal-mode analysis leads to an
inhomogeneous system of linear ordinary differential equations in
the shock wave coordinates. Lee and Stewart integrated the system,
starting with the postshock values x� 0� for the velocity, pressure,
specific volume, and reaction progress variable perturbations. At the
end of the reaction zone x!�1, the solution boundedness
constraint was formulated as an algebraic relation for the
perturbations. This constraint served as the dispersion relation,
solved with the help of a shooting algorithm. Later on, the normal-
mode approach was used in a number of problems by other
researchers [5–8]. It is shown in [9] that the discrete spectrum
stemming from the solution of the initial-value problem is equivalent
to the spectrum of the normal-mode approach, and that the
boundedness constraint at x!�1 can be easily derived from
Erpenbeck’s solution [1].

Because the shooting procedure is sensitive to the initial guess,
application of Lee and Stewart’s [4] method requires a “carpet
search.” In many other hydrodynamic stability problems, eigenvalue

analysis is often accompanied by the spectral collocation method.
The method provides an eigenvalue map without an initial guess. To
our knowledge, the spectral collocation method has not found wide
application in studies of detonation stability. Buckmaster and Neves
[10] used a spectral collocationmethodwithChebyshev polynomials
for a case of infinite activation energy. The problem formulation led
to equationswith constant steady-state variables within the induction
zone. Namah et al. [11] applied a spectral collocation method to the
analysis of one-dimensional detonations at finite activation energy.
They decided that the shock-fixed frame was not suitable for an
adopted numerical scheme, and they formulated the governing
equations in the inertial frame. The numerical results of [11] were
obtained with only 128 collocation points, and the authors noticed
that their collocation scheme distributes points rather thinly in
regions where the reaction progress variable changes just a little.

The objective of the present work is to use the multidomain
spectral collocationmethodwithChebyshev polynomials [12] and to
demonstrate the efficiency of the method for stability analysis of
detonations.

II. Problem Formulation

For simplicity of the method description, consider one-
dimensional perturbations in a one-dimensional flow of an ideal
gas that participates in a first-order, irreversible reaction without
mole and specific heat change. It means that the gas constant Rg and
the specific heat ratio � are the same in the freestream and in the
reaction zone.

One can find the dimensionless steady-state distributions of
pressure p�, velocity u�, and specific volume v� in [4]:

p� � a� �1 � a�
��������������������
1 � b���

p
; u� � �1 � p

��
�Ms

�Ms

v� � u�
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(1)

where� is the reaction progress variable (0 � � � 1), the superscript
� indicates the steady-state solution, and a and b are constants

a� 1� �D2

2�M2
s � �� � 1� ; b� 2�M2

s �� � 1�
�1 � a�2�� � 1� (2)

We use the same scaling as in [4]. Density �s, pressure ps, and speed
of sound behind the shock cs are used as the dimensional scales. The
half-reaction zone length lc is chosen as the characteristic length
scale. The time scale is tc � lc=cs. The steady dimensionless
detonation velocity D is scaled with the speed of sound in the
quiescent gas, and Ms is the Mach number of the flow behind the
shock in the frame moving with the shock wave. The dimensionless

heat release �� ~Q=RgTs is based on the temperature behind the
shock Ts. The dimensionless reaction rate is

r� � k�1 � ��� exp���=T�� �� ~E=RgTs

k�
Z

1=2

0

u��1 � ����1 exp��=T�� d��
(3)

The steady-state flow is characterized by the overdrive factor
f� �D=DCJ�2, where
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is the Chapman–Jouguet detonation velocity andQ� ~Q=RgT1 is the
dimensionless heat release scaled with the help of the quiescent gas
temperature T1.

Following [1], the governing equations for perturbations are
obtained in the wave coordinate x� xl �Dst�  �t�, where Ds is
the detonation shock velocity scaled with the speed of sound behind
the shock and �t� is the shock displacement. The particle velocity is
measured with respect to the steady frame u� ul �Ds. One can
derive the linearized equations for perturbations [� exp��t�] in the
notation of [4] as follows:

�z�A�
dz

dx
�C�z� �b� (5a)

z �0� � h� (5b)

where

A� �

u� �v� 0 0

0 u� v�=� 0

0 �p� u� 0

0 0 0 u�

0
BB@

1
CCA; b� �

@v�=@x
@u�=@x
@p�=@x
@��=@x

0
BB@

1
CCA

C� �

�@u�=@x @v�=@x 0 0

�@p�=@x�=� @u�=@x 0 0

����@r�=@v � r�=v�� �@p�=@x� �@u=@x � ���@r�=@p� ����@r�=@��
�@r�=@v @��=@x �@r�=@p �@r�=@�

0
BB@

1
CCA

and �� � �� � 1��=v�. The column-vector z is composed of
perturbations of specific volume, velocity, pressure, and the reaction
progress variable. The column-vector h in Eq. (5b) is defined by four
components:

h1�
4

�� � 1�D2Ms

; h2�
2�D2� 1�
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; h3��
4�Ms

��� 1�
h4� 0

(6)

At x!1, Lee and Stewart [4] formulated a constraint meaning
boundedness of the solution (see a discussion in [9])
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where zj stands for the jth component of vector z,M1 is the Mach
number at x!1, and c1 is the speed of sound at x!1 (scaled
with the speed of sound behind the shock).

III. Multidomain Spectral Collocation Method

In what follows, we consider overdriven detonation (f > 1). In the
Chapman–Jouguet detonation wave (f� 1), the matrix A� is
singular at x!1. Therefore, the examples with f� 1 should be
interpreted as results at f slightly greater than one. (Erpenbeck [1]
suggested that the result at f� 1 be interpreted as “the lower limit in
detonation velocity of the overdriven detonations.”)

In the overdriven detonation case, the matrix A� is nonsingular.
Use of the reaction progress variable��x� as the independent variable
leads to the following form of the differential equations:

dz

d�
�Dz� ��F � Ez� (8a)

D � u
�

r�
�A���1C� (8b)

F � u
�

r�
�A���1b� (8c)

E � u
�

r�
�A���1 (8d)

The multidomain spectral collocation method [12] was used to
solve the eigenvalue problem using two and three domains. Instead

of boundary condition (7) at �! 1 (x!1), we impose the
boundedness condition at �� �max which is slightly less than one.
We shall describe the numerical implementation for the case of three
domains: 1) 0 � � � �1, 2) �1 � � � �2, and 3) �2 � � � �max.
Each interval is transformed to the computational domain on the
Chebyshev interval �1 � 	 � �1 using algebraic stretching:

Domain 1:

�� a1
1� 	
b1 � 	

a1 �
�01�1

�1 � 2�01
b1 � 1� 2a1

�1
(9)

Domain 2:

�� �1 � a2
1� 	
b2 � 	

a2 �
��02 � �1���2 � �1�
��2 � �1� � 2��02 � �1�

b2 � 1� 2a2
�2 � �1

(10)

Domain 3:

�� �2 � a3
1� 	
b3 � 	

a3 �
��03 � �2���max � �2�
��max � �2� � 2��03 � �2�

b3 � 1� 2a3
�max � �2

(11)

The parameters �01, �02, and �03 correspond to 	� 0 for each
domain. They are used to control distribution of the collocation
points over the domains. The collocation points are defined for the
mth domain (m� 1, 2, 3) as follows:

	mj �� cos

j

Nm
; �j� 0; . . . ; Nm� (12)
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(Note the introduced minus sign, which was added so the first node
would be at 	��1.)

At the interfaces of the domains, continuity of the solution is
required:

z 1j���1 � z2j���1 ;
dz1

d�

����
���1
� dz2

�d

����
���1

(13)

z 2j���2 � z3j���2 ;
dz2

d�

����
���2
� dz3

d�

����
���2

(14)

The discretized solution vector Z is composed of 4N1 � 4N2 �
4N3 � 13 components as follows:

Z� �z110; . . . ; z11N1
; . . . ; z140; . . . ; z

1
4N1
; z210; . . . ; z

2
1N2
; . . . ; z240; . . . ;

z24N2
; z310; . . . ; z

3
1N3
; . . . ; z340; . . . ; z

3
4N3
;  �T (15)

where zij is the ith component of the vectorz at the jth grid point. The
derivative d=d�� �d	=d��d=d	 in Eqs. (8), (13), and (14) is
evaluated with the help of the derivative matrix (see, for example,
[13]) and the vector values within each domain.

Differential Eq. (8) is satisfied in the interior points of three
domains and leads to 4N1 � 4N2 � 4N3 � 12 equations. In addition,
we satisfy Eq. (8) at the endpoint�� �max. Therefore, the discretized
differential equation provides 4N1 � 4N2 � 4N3 � 8 algebraic
equations for components of the vector Z. Boundary condition (5b)
gives four equations. Interface conditions (13) and (14) provide 16
equations. Together with boundary condition (7), we have 4N1 �
4N2 � 4N3 � 13 algebraic equations written in the form of the
generalized eigenvalue problem

QZ� �SZ (16)

whereQ andS are squarematrices of order 4N1 � 4N2 � 4N3 � 13.
The fourth equation in boundary condition (5b) [see Eq. (6)] and

interface conditions (13) and (14) do not include the eigenvalue �. It
means that matrix S is singular. The singularity can be removed by
row and column operations and by reducing the order of the system,
as was done, for example, in [12]. We have found that the method
suggested in [14] is more efficient. We replace the zero rows in the
matrix S by the rows of the matrix Q multiplied by a small number
(usually, we used 10�8). This modification introduces a new
eigenvalue (�� 108 in our case) that is outside the physically
interesting domain, whereas the eigenvalues of interest lead to the
right-hand side of the equations having the small factor close to zero.
Finally, the generalized eigenvalue problem, Eq. (16), can be solved
using a standard routine (we used the DG6CCG routine from the
International Mathematical and Statistical Library Fortran library).

To explore the effect of the parameters �1, �2, �max, �01, �02, and
�03 used in Eqs. (9–11), we considered eight cases. In each case, the
parameters �0j (j� 1, 2, 3) were defined as follows:

�01 � �1�1; �02 � �1 � �2��2 � �1�
�03 � �2 � �3��max � �2�

(17)

The parameters are presented in Table 1. Note that the first and third
domains in the table are relatively small. The motivation was to have

more collocation points at the ends of the reaction zone to resolve
possible oscillations in the eigenfunctions and to resolve accurately
region �! 1. In all cases, we used an equal number of collocation
points: N1 � N2 � N3 � N. Figure 1 shows results obtained in
case 1 withN � 50,N � 100, andN � 200 at the reaction and flow
parameters � � 1:2, E� 100, Q� 50, and f� 1:2. This is an
example of the high activation energy considered in [5].

The computations required about 25, 230, and 2100 s on a Dell
Optiplex GX620 at N � 50, N � 100, and 200, respectively.

Because eigenvalues atRe���< 0 are not physical (they represent
spatially unbounded solutions), only results with Re���> 0 are
presented. We have to mention that the algorithm generates a
spurious eigenvalue �� 0 that corresponds to the solution of Eq. (5)
with  ≠ 0 and z� 0 (this eigenvalue is removed from the plots).

Figures 2 and 3demonstrate comparisons of cases 1–8 atN � 100.
One may conclude from Fig. 2 that an increase of the first interval in
case 5 (�1 � 0:2) leads to poor convergence at large Im���. This is
attributed to an insufficient number of collocation points on the
interval. Decrease of the first interval in case 8 (�1 � 0:05) also leads
to divergence at Im��� about 50 (Fig. 3). This is attributed to an
insufficient number of collocation points on the second interval.
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Fig. 1 Comparison of eigenvalue maps at N � 50, N � 100, and N �
200 for case 1; f � 1:2, Q� 50, E� 100.
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Fig. 2 Comparison of eigenvaluemaps at�� 1:2, f � 1:2,Q� 50, and

E� 100; cases 1–5.
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Fig. 3 Comparison of eigenvaluemaps at�� 1:2, f � 1:2,Q� 50, and

E� 100; cases 1, 6, 7, and 8.

Table 1 Parameters used in the test cases

�1 �2 �max �1 �2 �3

Case 1 0.1 0.9 0.9995 0.55 0.55 0.9
Case 2 0.1 0.8 0.9995 0.55 0.55 0.9
Case 3 0.1 0.9 0.9995 0.55 0.55 0.7
Case 4 0.1 0.9 0.9995 0.55 0.55 0.99
Case 5 0.2 0.9 0.9995 0.55 0.55 0.9
Case 6 0.1 0.9 0.99995 0.55 0.55 0.9
Case 7 0.1 0.9 0.995 0.55 0.55 0.9
Case 8 0.05 0.9 0.9995 0.55 0.55 0.9
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Figure 3 also shows results for case 8 atN � 200, which are the same
as for case 1 with N � 200 shown in Fig. 1.

Finally, we compare results obtained with the help of the two- and
three-domain spectral collocation methods. In the two-domain
computations, the second domainwas the same as the third domain in
the three-domain case. The first domain was stretched from �� 0 to
0.9with �01 in Eq. (9) equal to 0:55 	 0:9. In bothmethods,N � 100
was used for each domain. Figure 4 demonstrates comparisons of the
two- and three-domain results, together with eigenvalues published
in [4] at f� 1, E�Q� 50, and � � 1:2. In Fig. 4, the eigenvalues
are scaled with the half-reaction time t1=2,

t1=2
tc
�

R
1
0 �1 � ����1 exp��=p�v�� d��R

1
0 u
��1 � ����1 exp��=p�v�� d�� (18)

One can see that for these particular parameters the agreement is very
good. The two-domain method required only about 70 s of
computational time, in contrast to the three-domain method, where
230 s were required. It means that the two-domain version of the
spectral collocation method should be preferable when moderate
frequencies Im��� of the perturbations are of interest. Although the
numerical implementation dealswith the constraint, Eq. (7), imposed
at �� �max < 1 and matrix A� is still nonsingular at �� �max, we
should interpret the result as a limit at f! 1 because the derivation
of the constraint was based on consideration of overdriven
detonations.

Table 2 is a comparison of the results from [4] and the presentwork
(three-domain spectral collocation method, N � 100). This table
also shows that the results found in the present work are almost the
same as the results obtained from Erpenbeck’s dispersion relation in
[9] using the solution of the adjoint system together with a shooting
algorithm.

It is worthwhile to note that the generalized eigenvalue problem
has exposed the eigenvalue �� 0:10191 in Fig. 4, whereas the
eigenvalue was lost in the carpet search used in [4] (not included in
Table 2). The missed eigenvalue was found by Short [5].

One can find other examples with the application of the
multidomain spectral collocation method in [9].

IV. Conclusions

The numerical results obtained with the help of the multidomain
spectral collocation method for the stability of detonations
demonstrate that the method is very robust, and that it should
replace the archaic carpet search. For practical applications dealing
with many reactions, one can easily reformulate the method in terms
of the spatial coordinate x instead of the reaction progress variable �.
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Fig. 4 Comparison of eigenvalue maps for f � 1, �� 1:2, Q� 50,

E� 50: 2D� two-domain method; 3D� three-domain method;

LS�[4]. The eigenvalues are scaled with the half-reaction time t1=2.

Table 2 Comparison of the unstable discrete spectrum of Lee

and Stewart [4] and present work (eigenvalues are scaledwith t1=2)

[4] present work

f Mode no. �r �i �r �i

1 1 1.857 0.000 1.85837 0.000000
2 1.879 4.372 1.88055 4.37622
3 1.888 8.333 1.88974 8.34094
4 1.785 12.16 1.78689 12.1663
5 1.634 15.96 1.63560 15.9714
6 1.434 19.74 1.43583 19.7614
7 1.214 23.53 1.21542 23.5476
8 0.973 27.31 0.974337 27.3327
9 0.721 31.09 0.721998 31.1176

10 0.459 34.87 0.459270 34.9005
11 0.189 38.65 0.185795 38.6889

1.2 1 0.569 0.300 0.568874 0.299575
2 1.148 4.547 1.14774 4.54785
3 0.933 8.234 0.933278 8.23523
4 0.550 11.84 0.549969 11.8456
5 0.095 15.44 0.0951347 15.4406

1.4 1 0.313 0.664 0.313410 0.664483
2 0.504 4.484 0.504564 4.48421

1.6 1 0.112 0.789 0.111763 0.788817
1.731 1 0.000 0.825 �1:01658 	 10�4 0.825109
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